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It has been shown in a recent Letter that the Higgs quartic and Yukawa sectors of the Standard Model
(SM) with a heavy fourth generation exhibit at a two-loop level a quasi ﬁxed point structure instead of
the one-loop Landau singularity and which could be located in the TeV region, a scale which is denoted
by ΛFP in this Letter. This provides the possibility of the existence of a TeV-scale physical cutoff endowed
with several implications. In the vicinity of this quasi ﬁxed point bound states and Higgs-like condensates
made up of the 4th generation quarks and leptons get formed. It implies the possibility of a dynamical
electroweak symmetry breaking generated by 4th generation condensates. The quasi ﬁxed points also
hint at a possible restoration of scale symmetry at ΛFP and above and the emergence of a theory which
could be deeper than the SM.
© 2010 Elsevier B.V. Open access under CC BY license.The Standard Model, with all of its successes, has some the-
oretical shortcomings which hamper its status as a fundamental
theory. Perhaps the most serious issue with the SM is the exis-
tence of a fundamental scalar with its associated quadratic mass
divergence problem, especially if the physical cutoff scale is the
Planck mass. It is therefore a natural question to ask whether or
not one can ﬁnd a way to lower the physical cutoff to around the
electroweak scale.
It has been argued that a theory is natural if it is stable under
tiny variations of fundamental parameters. Mass corrections to the
fundamental scalar such as the SM Higgs ﬁeld are proportional to
the physical cutoff if it exists. If the Planck mass is the physical
cutoff, a ﬁne tuning to one part in 1038 in the coupling is needed
if one were to keep the Higgs mass at the electroweak scale. It is
fair to say that this line of reasoning has led to important develop-
ments in supersymmetric, technicolor, extra dimensional and little
Higgs models [1]. From hereon, the term “hierarchy problem” will
simply refer to the existence of two scales: the electroweak and
Planck scales, and the aforementioned issue. This problem exists
regardless of whether or not the SM is embedded into some grand
uniﬁed theory.
Another line of thought is related to the possibility of a restora-
tion of scale symmetry above a certain energy scale which could
be taken as a physical cutoff scale [2]. Notice that, at the quantum
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Open access under CC BY license.level, the trace of the energy–momentum tensor is proportional
to the β function, i.e. Tμμ ∝ β(g), which indicates the breaking of
scale invariance if β(g) = 0 even if there is scale symmetry at tree
level. However, if the theory has a ﬁxed point i.e. β(g) = 0 at some
energy scale ΛFP , that scale could be taken as a physical cutoff.
Scale symmetry is restored at that energy. The physics at or below
the physical cutoff scale will be insensitive to that above ΛFP . The
hierarchy issue might be “resolved” if the energy scale where the
ﬁxed point is located is in the TeV region. In addition, this possi-
bility could be further strengthened if the electroweak symmetry
itself can be dynamically broken close to the ﬁxed point.
In this manuscript, we would like to suggest that the existence
of a quasi ﬁxed point [3] in the quartic and Yukawa sectors of
the SM with a heavy fourth generation provides a natural candi-
date for a physical cutoff ΛFP which could be located in the TeV
region. In fact, this quasi ﬁxed point which appears at two loops
in the β functions of the Higgs–Yukawa sector provides a solu-
tion to the Landau pole problem which shows up at one loop. As
shown in [3], the one-loop Landau singularity appears at approx-
imately the same energy scale as the quasi ﬁxed point when the
fourth generation is suﬃciently heavy (see Fig. 1). The transfor-
mation of the Landau pole into a quasi ﬁxed point at a similar
scale has important implications: (1) It provides the appearance of
a TeV-scale physical cutoff ΛFP; (2) It provides the possibility of
an interesting theory beyond the SM which lies above the phys-
ical cutoff coming from the possibility of the restoration of scale
symmetry. Furthermore, near this “cutoff”, the Yukawa couplings
of the 4th generation are large enough for condensates to form
P.Q. Hung, C. Xiong / Physics Letters B 694 (2011) 430–434 431Fig. 1. The Landau pole (dotted lines) and the quasi ﬁxed point (solid lines) of the
Yukawa couplings of the fourth generation fermions and the top quark. For a heavy
fourth generation (left side), both the Landau singularity from one-loop RGEs and
the quasi ﬁxed point from two-loop RGEs appear at about 2 ∼ 3 TeV, while for a
light fourth generation (right side), their locations at the energy scale differ by two
orders of magnitude.
and spontaneously break the electroweak symmetry. Such ultravi-
olet ﬁxed points in the Higgs–Yukawa sector were previously found
and studied in the context of SU(5) gauge coupling uniﬁcation [4]
with values comparable to those found in [3].
Although our results are based on the existence of a quasi ﬁxed
point at the two-loop level, they provide a strong hint at a pos-
sible approach to the hierarchy problem. In particular, it is also
possible that the β functions in the gauge sector might exhibit
a quasi ﬁxed point at the two-loop level thus providing an ad-
ditional argument in favor of our suggestion. Such gauge quasi
ﬁxed had been contemplated some time ago, along with its im-
plications, in a context in which the SM merges into a larger
scale-invariant gauge group and that scale symmetry is broken
spontaneously [5].
For heuristic purpose, we ﬁrst present a simpliﬁed discus-
sion of the dependence of the scalar mass on the physical cut-
off, the so-called quadratic divergence. A very nice way to treat
this “quadratic divergence” is to use the intuitive approach of
Wilson [6] where one divides the momentum integration into
“slices”. Let us suppose that there is a physical cutoff scale
which we will denote by Λmax. As mentioned above, in [3] we
showed the evolution of the couplings at one and two loops
Fig. 1 and one can see that, for a heavy 4th generation, the
one-loop Landau singularity appears at a scale similar to that
of the two-loop quasi ﬁxed point. This is the scale that we re-
ferred to as ΛFP which will be identiﬁed with Λmax in this
manuscript.
Let us now divide the separation between the electroweak scale
ΛEW and the cutoff scale Λmax into n equal slices, each of size
δq, i.e. ΛEW + nδq = Λmax, with δq  ΛEW . When n → ∞, one of
course recovers Λmax → ∞. Each momentum slice will be char-
acterized by a “constant” value (within that slice) of the (Yukawa
or quartic) coupling. The Wilsonian way to look at the loop in-
tegration is to consider the contribution from an n set of the-
ories (for n slices), each characterized by the same Lagrangian
but endowed with a different coupling constant. (The usual di-
vergence encountered in ﬁeld theory with an inﬁnite cutoff can
be viewed as coming from the contribution of an inﬁnite set of
such theories.) Let us ﬁrst look at the fermion loop correction to
the scalar mass. Schematically, one writes, with δm2H =m2H (ΛEW)−
m2 ,H,0Fig. 2. The Higgs quartic and top Yukawa couplings at two loops as a function of
energy for two initial Higgs masses. Dashed line: 170 GeV; solid line: 500 GeV.
δm2H ≈ cg2Y (ΛEW)
(ΛEW+δq)2∫
Λ2EW
dk2 + · · ·
+ cg2Y
(
ΛEW + (n− 1)δq
) Λ2max∫
(ΛEW+(n−1)δq)2
dk2, (1)
where mH,0 is the tree-level value of the scalar mass of O (ΛEW)
and c ∼ O (1/16π2). A few words are in order at this point. Eq. (1)
can be transformed into a Renormalization Group equation relating
δm2H at one energy scale to another at a different scale. It involves
the running of the dimensionless coupling g2Y as one can explic-
itly see in (1). Notice that the usual discussion of the quadratic
divergence assumes a constant coupling e.g. a constant Yukawa
coupling. The behavior of g2Y can greatly inﬂuence the value of
δm2H . Below we will present the importance of the TeV-scale phys-
ical cutoff and the existence of a quasi ﬁxed point as opposed to a
Landau pole.
For the sake of argument, let us ﬁrst assume that g2Y is slowly
varying between ΛEW and ΛEW + (n − 1)δq. (See Figs. 2, 3.) It
means that g2Y (ΛEW) is not too different from g
2
Y (ΛEW +(n−1)δq).
There will not be a gross error by making the approximation
g2Y (ΛEW + (n − 1)δq) ≈ · · · ≈ g2Y (ΛEW). With that approximation
and using δq  ΛEW , the mass correction from the fermion loop is
approximately given by
δm2H ≈ cg2Y (ΛEW)
(
2ΛEWnδq +
(
n2 − 2n)(δq)2)
≈ cg2Y (ΛEW)Λ2max
(
1− ΛEW
Λmax
)2
, (2)
where we have made use of n2(δq)2 = (Λmax − ΛEW)2 and have
kept the dominant term in the second line of (2). One can see
from (2) that δm2H becomes very large when Λmax 
 ΛEW , i.e.
δm2H ∝ Λ2max 
 Λ2EW . In particular, if g2Y is still varying when one
reaches the Planck scale then it is this scale which provides a phys-
ical cutoff. This is the case with three generations where the top
quark Yukawa coupling is the dominant one as can be seen from
Fig. 2.
If, on the other hand, Λmax ∼ ΛFP ∼ O (ΛEW) as is the case with
a heavy fourth generation discussed above, we are faced with a
couple of options—and this is where the solution to the Landau
pole comes in. Although the cutoff scale can be of O (TeV), the
correction δm2 also depends on the value of the coupling at thatH
432 P.Q. Hung, C. Xiong / Physics Letters B 694 (2011) 430–434Fig. 3. The Higgs quartic and 4th generation and top Yukawa couplings at two loops
as a function of energy for two initial Higgs masses.
scale. If we stay with the one-loop result in the β functions, as
we can see from Fig. 1, g2Y blows up at the cutoff (Landau pole)
and δm2H would be out of control even if the cutoff is ﬁnite. On
the other hand, with the quasi ﬁxed point now being the solu-
tion to the Landau pole problem, g2Y has a ﬁnite value and, as
a consequence, δm2H ∝ Λ2FP . The mass correction coming from the
two-loop quartic contribution proportional to λ2 can be treated in
a similar fashion with g2Y → λ2 and c ∼ O ((1/16π2)2) yielding a
similar conclusion.
One may wonder whether the above argument based on the
Higgs–Yukawa sector is suﬃcient for the statement δm2H ∝ Λ2FP to
be correct when we turn on the gauge couplings. However, if the
gauge sector also has a ﬁxed point around ΛFP , it will imply that
this might be the true physical cutoff scale of the SM. As men-
tioned above, one might have situations in which the gauge sector
exhibits a quasi ﬁxed point at the two-loop level e.g. the sce-
nario described in [5]. Another possibility is the model involving
a heavy fourth generation described in [3]. As it is emphasized in
[3], when ΛFP is reached, one is no longer justiﬁed in evolving the
gauge couplings beyond that scale. In fact, a look at Fig. 3 reveals
that, as one approaches the quasi ﬁxed point (to be shown subse-
quently) from below, there is a region very close to it where bound
states and condensates—many of which carrying the SM quantum
numbers—get formed [3] and interact with the gauge bosons. The
naive gauge coupling evolution using the two-loop β functions can
obviously not be trusted. In fact, it may happen that these ex-
tra composite degrees of freedom can lead to a quasi ﬁxed point
in the gauge sector i.e. one may have β(gi) = 0 at the two-loop
level, where gi refers to the three SM gauge couplings. The same
remarks apply to the light fermion Yukawa couplings beside the
possibility that they reach a ﬁxed point close to the ones men-
tioned above. For this reason, we will assume from hereon that
Λmax (or ΛFP as discussed below) provides the true physical cutoff
scale.
Under what conditions could the Higgs–Yukawa sector give rise
to a TeV-scale physical cutoff? From the above discussion, one
can deduce that this would happen if the couplings in the Higgs–
Yukawa sector reach some quasi ﬁxed points at a TeV scale. The next
question concerns whether or not such quasi ﬁxed points exist in
the SM.
In Fig. 2, we show the evolution of the Higgs quartic and top
Yukawa couplings at two loop for two initial values of the Higgs
mass: 170 GeV and 500 GeV. It is amusing to note that quasi ﬁxed
points also seem to exist at two loops in the three generation case.However, one can see from Fig. 2 that such a ﬁxed point is ei-
ther around the Planck scale (heavy Higgs case) or beyond it (light
Higgs case), in which case the cutoff is the Planck scale itself. This
is the classic hierarchy problem of the SM with three generations. The
most economical way to lower the cutoff scale would be to mod-
ify the particle content, e.g. by adding a fourth generation [3] or
by adding extra chiral doublets. Let us then start with the SM en-
dowed with four generations. Studies performed in the past few
years have shown that precision data do not exclude the existence
of the fourth generation [7]. Furthermore, if the fourth generation
were to exist, experimental constraints (under a certain assump-
tion) from the Tevatron put a lower bound on the mass at around
338− 385 GeV [8].
The two-loop renormalization group equations (RGE) for the
Higgs–Yukawa sector with four generations are given by
16π2
dY
dt
= βY , (3)
where Y represents the quartic coupling λ, the Yukawa couplings
g2t , g
2
q , g
2
l for the top quark and the fourth quark and lepton re-
spectively, and the gauge couplings g2i , i = 1,2,3. Explicit expres-
sions for βY up to two loops can be found in [3].
As it was done in [3], we ﬁrst set the β functions of the Higgs–
Yukawa sector to be equal to zero to ﬁnd the ﬁxed points (at two-
loop level), namely
βY |g1,2,3=const. = 0, for Y = λ, g2t , g2q , g2l . (4)
The roots of (4) yield the values of the ﬁxed points:
λ∗ ≈ 17, g2∗t ≈ 31, g2∗q ≈ 52, g2∗l ≈ 54 (5)
which correspond to the MS masses (using mH = v
√
2λ and
m f = v
√
g2f /2, v = 246 GeV) m∗H = 1.44 TeV, m∗t = 0.97 TeV, m∗q =
1.26 TeV, m∗l = 1.28 TeV, where the asterisks refer to the values of
the masses at the ﬁxed points. Notice that (g2f , λ)/16π
2 are typical
expansion parameters and, with the ﬁxed point values given above,
these parameters are estimated to be g2∗t /16π2 ≈ 0.2, g2∗q /16π2 ≈
0.33, g2∗q /16π2 ≈ 0.34 plus λ∗/16π2 ≈ 0.11, which are not large.
The ﬁxed point values given in (5) are comparable to those
found in [4] but which were used in a different context, that
of SU(5) gauge coupling uniﬁcation. A remark is in order here:
we have neglected the b-quark and τ -lepton Yukawa couplings
in the RGEs but the structure of the β functions suggest that
they also reach a quasi ﬁxed point [12]. Also the β functions
of the gauge sector could reach a quasi ﬁxed point at the two-
loop level when additional composite degrees of freedom are in-
cluded, as we have mentioned above. Notice the comments con-
cerning the light fermion Yukawa couplings made above. The en-
ergy scales where the quasi ﬁxed points appear which are pre-
sented here and in [3] depend primarily on the fourth genera-
tion.
By themselves, the above quasi ﬁxed points do not tell us about
the energy scales where they appear since these values depend
mainly on group-theoretical coeﬃcients which enter the RGEs and
on the initial values of the couplings at the electroweak scale.
It goes without saying that it is the dynamics of the SM which
would determine the values of these scales. Intuitively speaking,
one expects that the larger the initial values of quartic and Yukawa
couplings at the electroweak scale are, the “faster” they get to the
ﬁxed points. In [3], we show that the Higgs–Yukawa sector is al-
most decoupled from the gauge sector and that the quasi ﬁxed
points which are the roots of (4) are affected very little by the
presence of the gauge couplings.
At this point, it is worthwhile to reiterate the following point
referred to above. As shown in Fig. 1, the energy scale where the
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that where the two-loop quasi ﬁxed point appears for a heavy 4th
generation. In this respect, it is the energy scale ΛFP (= Λmax here)
that is crucial rather than the actual values of the couplings at
the quasi ﬁxed point. In fact, if one were to include (unknown)
higher orders beyond two loops to the RGE’s, it might happen that
the actual values of the couplings at ΛFP might be lower while
preserving the ﬁxed point structure i.e. β = 0. As we referred to
earlier, if scale symmetry is restored at ΛFP as hinted from the
two-loop result, the physics at ΛFP or below will not depend on
the physics above it.
The energy scales where the ﬁxed points are located can be
found by numerically integrating the RGEs (3). The results are
shown in Fig. 3 for two widely separated values of the 4th gener-
ation masses. The experimentally disallowed case with the smaller
4th generation quark mass Mq = 120 GeV is shown only for com-
parison and to illustrate the naturalness issue discussed below.
There are several implications we would like to present concerning
Fig. 3.
1) The quasi ﬁxed points obtained by the RGE evolution agree
well with those obtained by setting βY = 0. They are mFPH =
1.446 TeV, mFPt = 0.965 TeV, mFPq = 1.260 TeV, mFPl = 1.282 TeV.
2) The locations in energy scale of the quasi ﬁxed points for
the two illustrated examples can be read from Fig. 3. For Mq =
450 GeV, Ml = 350 GeV, one has ΛFP ≈ 3 TeV. For Mq = 120 GeV,
Ml = 100 GeV, one has ΛFP ∼ 1016 GeV. One cannot fail but to no-
tice that the heavier the fourth generation is the lower the ﬁxed
point ΛFP becomes. As we have argued in the beginning of the
Letter, ΛFP could be considered to be a physical cutoff and that the
mass correction to the Higgs scalar is proportional to the square of
that cutoff. From this, one can infer that, not only a light 4th gen-
eration such as the Mq = 120 GeV, Ml = 100 GeV case is ruled out
by experiment, it is also “disfavored” from a theoretical viewpoint.
This leaves us with a “heavy” fourth generation scenario with a
TeV-scale physical cutoff scale ΛFP [9]. This, as we claimed above,
might be a possible solution to the hierarchy problem, in addition
to being the solution to the Landau pole problem present at the
one-loop level.
3) Although our results were obtained with a heavy fourth
generation, one can envision a situation in which a fourth genera-
tion with mass around 400–500 GeV and endowed with TeV-scale
physical cutoff scale ΛFP is replaced by several chiral doublets with
lower masses such as the mirror fermions which are used in the
model of electroweak-scale right-handed neutrinos [10]. In fact,
bound states and condensates get formed as one approaches ΛFP
and this necessitates a non-perturbative treatment. The appropri-
ate framework for such non-perturbative treatment is to put the
SM on a lattice. A gauge-invariant lattice formulation of the SM is
possible only if one introduces mirror fermions [11].
4) The “dips” in Fig. 3 correspond to a minimal value of λ at
the electroweak scale for which the vacuum stability (λ > 0) is
satisﬁed. They are located at ΛFP ∼ 3 TeV, 1016 GeV correspond-
ing to Mq = 450 GeV, Ml = 350 GeV (heavy) and Mq = 120 GeV,
Ml = 100 GeV (light) respectively. However, numerical calculations
[3] have shown that, in order for λdip ∼ 0 at the dips and to ensure
vacuum stability, one needs to ﬁne-tune the initial value of λ to 2
decimal places for ΛFP ∼ 3 TeV and to more than eight decimal
places for ΛFP ∼ 1016 GeV. In the latter case, if one ﬁne-tunes the
initial λ to less than eight decimal places, it will turn negative and
the vacuum will be unstable. It is not so with the “heavy” case. It is
amusing to note that the “light” fourth generation is not only ruled
out by experiment but also theoretically by the hierarchy and nat-
uralness problems. This vacuum stability naturalness issue is deeply
linked to the hierarchy problem: A heavy fourth generation mightFig. 4. K f − K0 with K f = g3f /16π
√
λ and K0 = 1.68. The horizontal dotted line
indicates an estimate of K f where the non-relativistic method is still applicable
and the vertical dotted lines enclose the region where a fully relativistic approach
is needed.
provide a solution to the hierarchy problem and, at the same time,
is devoid of the naturalness problem.
5) Around the dip and its vicinity i.e. near or at the ﬁxed
point, the Yukawa couplings of the fourth generation quarks and
leptons become large and lead to the formation of bound states.
This is studied in details in the companion paper [3] and we
will summarize our results here. To gain insight into the bound
state formation, we start with the range of λ near the ﬁxed point
where one can use the Schrödinger equation with a Yukawa poten-
tial of the form V (r) = −αY (r)(e−mH (r)r/r) where αY = m1m24π v2 with
v = 246 GeV. The bound state condition of a non-vanishing bind-
ing energy translates into the constraint on K f ≡ αYm fmH =
g3f
16π
√
λ
which is K f  2 and K f  1.68 using a Rayleigh–Ritz varia-
tional technique and a numerical integration respectively. Using
the ﬁxed-point values for the fourth generation and the top quark,
we obtain Kq = 1.82, Kl = 1.92, and Kt = 0.82 which imply that
fourth-generation bound states are rather loose and there are no
top-quark bound states in this region. As shown in Figs. 3, 4,
the quartic coupling decreases rapidly (with the Yukawa couplings
being nearly constant) as one moves away from the ﬁxed point
value and the Yukawa interactions become increasingly long-range.
The correlation length ξH ∼ 1/mH goes from a short-range cor-
relation (small ξ ) to an inﬁnite-range correlation (ξ = ∞) at the
“dip” where one expects condensates and tight bound states to
be formed, e.g. 〈Q¯ L Q R〉 ∼ −cΛ3FP where c is a constant which de-
pends on the details of the dynamics. These condensates which
contribute to the spontaneous breakdown of the SM come from
extra composite Higgs doublets formed from the quarks and lep-
tons of the fourth generation. (From the previous discussion, it is
not clear whether or not there could be top condensates.) One
expects also bound states with various spins of the form Q¯ Q ,
L¯L and even “leptoquarks” Q¯ L + H.c. to form due to the strong
Yukawa interactions near the “dip”. These issues will be presented
in [12].
6) Last but not least, below ΛFP (but close to it) dynamical elec-
troweak symmetry breaking occurs [12] at values of the Yukawa
couplings which are smaller than the quasi ﬁxed point values as
can be seen from Fig. 3 at the location of the “dip”. Above ΛFP ,
we conjecture that β = 0 is preserved even (unknown) higher or-
ders are included in the RGE equations and scale symmetry is
restored. If that is the case, the physics below ΛFP will be inde-
pendent of what goes on above it. The possibility of the existence
of a TeV-scale physical cutoff leads to interesting implications:
434 P.Q. Hung, C. Xiong / Physics Letters B 694 (2011) 430–434(1) The dynamical breaking of the electroweak symmetry below
ΛFP and (2) the restoration of scale symmetry above ΛFP pos-
sibly leading to an interesting scale-invariant theory beyond the
SM.
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